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Collections of Sets

@ Convex case
e Separation theorem
o (Bounded) linear regularity (Bauschke, Borwein, 1993; Ng,
Yang, 2004; Burke, Deng, 2005)

@ Nonconvex case

o Dubovitskii-Milyutin formalism (1965)

e Extremal principle (Kruger, Mordukhovich, 1980)

e Boundary condition, nonconvex separation property (Borwein,
Jofré, 1998)

e Jamesons property (G) (1972)

e Metric inequality (loffe, 1989; Ngai, Théra, 2001)

o (Strong) conical hull intersection property (Chui, Deutsch,
Ward, 1992; Deutsch, Li, Ward; 1997)
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Stationarity and Regularity of Finite Collections

Extremal Collection of Sets (Kruger, Mordukhovich, 1980)
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Stationarity and Regularity of Finite Collections

Extremal Collection of Sets

X — Banach space,
Q= {Q,‘},‘e/CX, 1<|I|<OO, )_(Eﬂ,-elQ,'
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Stationarity and Regularity of Finite Collections

Extremal Collection of Sets

X — Banach space,
Q= {Q,‘},‘e/CX, 1<|I|<OO, )_(Eﬂ,-elQ,'

Definition
Q is locally extremal at x if 3p > 0Ve >0 da; € X, i€,

max llaill <e and ﬂ(Q,- — a;) ﬂ B,(x)=10

i€l
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Definition
Q is locally extremal at x if 3p > 0Ve >0 da; € X, i€,

max llaill <e and ﬂ(Q,- — a;) ﬂ B,(x)=10

i€l

0,[Q)(%) == sup{r >0

N - a)()B,(x #(Z)Va,ErIB%}:0

i€l
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Stationarity and Regularity of Finite Collections

Extremal Collection of Sets: Dual Characterization
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Stationarity and Regularity of Finite Collections

Fréchet Normal Cone

xeN
Fréchet normal cone:

Alexander Kruger (University of Ballarat) Extremality, Stationarity and Regularity Turku 2012 7 /30



Stationarity and Regularity of Finite Collections

Extremal Principle [Kruger, Mordukhovich (1980); Mordukhovich, Shao (1996)]

Extremal Principle

Q;, i €1, are closed. If L is locally extremal at x then Ve > 0
Ix € QN B.(X), x* € No,(x:) (i €1)

Y X <ed Xl

iel i€l
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Stationarity and Regularity of Finite Collections
Extremal Principle [Kruger, Mordukhovich (1980); Mordukhovich, Shao (1996)]

Extremal Principle

Q;, i €1, are closed. If L is locally extremal at x then Ve > 0
dx; € QN BE()_(), X;k S NQi(Xi) (I S /)

<e) Ixl

i€l

*
2%

i€l

Extremal Principle holds if and only if X is Asplund \
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Extremal Principle

Q;, i €1, are closed. If L is locally extremal at x then Ve > 0
dx; € QN BE()_(), X;k S NQi(Xi) (I S /)

<e) Ixl

i€l

*
2%

i€l

Extremal Principle holds if and only if X is Asplund \

N (x) = lim inf g x| =0
x4, xreng. () (e || el
ier lIxFlI=1
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Stationarity and Regularity of Finite Collections

Stationarity vs Regularity

Q is approximately stationary at x if Ve > 0 3p € (0, ¢),
wi €QiNB.A(x), 3, X (iel)

max laill <ep and ﬂ(Q,- —w; — a;) ﬂ(pIB%) =

i€l
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Stationarity and Regularity of Finite Collections

Regularity vs Stationarity

Qis
e approximately stationary at x if A[Q](X) = 0

e normally approximately stationary at x if 7[Q2](x) =0
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Stationarity and Regularity of Finite Collections

Regularity vs Stationarity

f1Q)(x) = AL(x) > 0
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Stationarity and Regularity of Finite Collections

Extended Extremal Principle

Q;, i €1, are closed

o 01Q](x) < A[Q](X)
e If X is Asplund then A[Q](x) = A[Q](X)
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Extended Extremal Principle

Q;, i €1, are closed

o 01Q](x) < A[Q](X)
e If X is Asplund then A[Q](x) = A[Q](X)

Extended Extremal Principle

Q2 is approximately stationary at x if and only if it is normally
approximately stationary at x

Theorem

Extremal Principle holds < Extended Extremal Principle holds < X
is Asplund

v
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Stationarity and Regularity of Infinite Collections

X — Banach space,
Q.= {Q,‘},‘e/CX, |/‘ > 1, )_(Gﬂielﬂ,'
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Stationarity and Regularity of Infinite Collections

X — Banach space,
Q= {Q,‘},‘e/CX, |/‘ > 1, )_(Gﬂielﬂ,'
J={JCl]1<|J] <0}

0,[{Q — wi}ics](0)

0[Q](x) := su inf
[ ]( ) 5>€ p€(0,£—:), JeJg p
wi€B:(X)NQ; (ied)
n[R](x) := inf ]
lQ(%) := sup inf D%
X €QiNB: (%), x7 €Ng, (x;) (i€d), Il ieJ
S
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Stationarity and Regularity of Infinite Collections

Regularity vs Stationarity

X — Banach space,
Q= {Q,‘},’e/CX, |I|>1, )_(GmielQ,'
J={JCl]1<|J] <o}

Qis
e approximately stationary at x if A[Q](X) = 0
e normally approximately stationary at x if 7[2](x) =0
o uniformly regular at % if A[R](X) > 0
e normally uniformly regular at x if #[2](x) > 0
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Stationarity and Regularity of Infinite Collections

Stationarity vs Regularity

X — Asplund space, €2;, i €/, —closed, X & (), Q;

Q is approximately stationary at x if and only if it is normally
approximately stationary at x
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Stationarity and Regularity of Infinite Collections

®-stationarity vs ®-regularity

X — Banach space,
Q= {Q,‘},‘e/ C X, |I| > 1, )_(Gﬂielﬂ,'
J={JCl]1<|J] <o}
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®-stationarity vs ®-regularity

X — Banach space,
Q= {Q,‘},‘e/CX, |I|>1, )_(GmielQ,'
J={JCl]1<|J] <o}

¢R+—>R+U{+OO}
Jui={JCI]1<|J] <)}

Definition
Q is approximately ®-stationary at x if Ve > 0 3p € (0, );
a€(0,e); J € Ty wi €U NBA(X), a€ X (i €J)

max||a;|| < ap and () —wi—a)[)(B) =0

ied
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Stationarity and Regularity of Infinite Collections

®-stationarity vs ®-regularity

X — Banach space,
Q= {Q,‘},’e/CX, |I|>1, )_(GmielQ,'
J={JCl]1<|J] <o}

¢R+—>R+U{+OO}
Jui={JC 1< <)}

Definition
Q is normally approximately ®-stationary at x if Ve > 0 Ja € (0, &);
J € Jui xi € QN B.(x), xi € No,(x;) (i € J)

D%l <ed Ikl

icJ ic)
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Stationarity and Regularity of Infinite Collections

®-stationarity vs ®-regularity

X — Asplund space, €2;, i €/, —closed, X & (), Q;
¢R+—>R+U{+OO}

Theorem

Q is approximately ®-stationary at x if and only if it is normally
approximately ®-stationary at X

Moreover, for any € > 0, the corresponding properties are satisfied
with the same set of indices J

Q is uniformly ®-regular at x if and only if it is normally uniformly
®-regular at x
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Intersection Rule

Fréchet Finite Normals

X — Asplund space, €2;, i €/, —closed, X & (), Q;
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Intersection Rule

Fréchet Finite Normals

X — Asplund space, €2;, i €/, —closed, X & (), Q;
J={JCIl0<|J| <o}

x* € X* is Fréchet finitely normal to (;c, Q; at X if Ve >0 3p > 0
and J e J

(x*,x—x) <ellx —x| Vxe[)U[)B(x)\{x}

ied
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Intersection Rule

Intersection Rule

X — Asplund space, €2;, i €/, —closed, X & (), Q;
J={JCl0<|J] <}

If x* € X* is Fréchet finitely normal to (,,€; at X, then Ve > 0
e T, xi € QinNB(x), x* € No,(x;) (ieJ); A>0

AX* — Z X

ic)

D Il +A=1 and <e

ic)
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Intersection Rule

Intersection Rule

X — Asplund space, €2;, i €/, —closed, X & (), Q;
J={JCl0<|J] <}

Corollary

Suppose Q2 is Fréchet normally uniformly regular at x. If x* € X* is
finitely normal to the intersection ();.,€; at X, then Ve >0 3J € J;

xi € QN B.(X), x* € No,(x;) (i€ J)

x* — g bl

icel

<€
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Constrained Optimization

Finite Stationarity

Minimize fy(x) subjectto fi(x) <0, i€l
fii X = R, fi(X) <00 (i€ 1U{0}), £(X)=0
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Constrained Optimization

Finite Stationarity

Minimize fy(x) subjectto fi(x) <0, i€l
fii X = R, fi(X) <00 (i€ 1U{0}), £(X)=0

Definition

X is finitely stationary if Ve >0 dp >0and J € J

sup fi(x)+e¢l[x —Xx|| >0 Vxe B,(x)\ {x}
ieJu{0}
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sup fi(x)+e¢l[x —Xx|| >0 Vxe B,(x)\ {x}
ieJu{0}

e-active indices: I.(x) := {i cl

sup fi(x) > —6}

Xx€B:(X)

J(x) =4{J C L(X)] 0 < |J| < o0}
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Constrained Optimization

Finite Stationarity

Minimize fy(x) subjectto fi(x) <0, i€l
fi: X = Ry, fi(x) <oo (ielU{0}), f(x)=0

{fi}iciugoy is normally uniformly regular at x if 3o >0, ¢ > 0

St X vza Y Ikl

ieJu{o} ieJu{0} ieJu{o}

VJ € J.(3);
V(X,',,u,') S epi fl N BE(;(aO)v (Xi*v _)‘i) € Nepifi(xi?#i) (’ eJu {0})

v
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Constrained Optimization

Finite Stationarity

Minimize fy(x) subjectto fi(x) <0, i€l

fii X = R, (%) <00 (i€ 1U{0}), (%) =0

Suppose f;, i € I U {0}, are Isc near X and {f;}iciuoy is normally
uniformly regular at x. If X is finitely stationary, then Ve > 0,
AJ € Je(x); xi € B(x), x7 € X", Ai 2 0 (i € JU{0})

f;'(X,') S f()_() I &; X,-* € )\,af;(X,) If)\, > 0, X;k € 8°°f,(x,) If)\, =0

Zx,-* <e and ZA,-:l

ieJu{0} ieJu{0}
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Constrained Optimization

Finite Stationarity

Minimize fy(x) subjectto fi(x) <0, i€l

fii X = R, (%) <00 (i€ 1U{0}), (%) =0

Corollary

Suppose f;, i € U{0}, are uniformly Lipschitz near X, and {f;}iciu{0}
is normally uniformly regular at x. If x is finitely stationary, then
Ve >0, 3J € J.(x); x; € B.(x), x* € 0fi(x;), \i >0 (i€ JU{0})

Z Aixi|| <e and Z A=1

ie Ju{0} ic Ju{0}
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Constrained Optimization

Finite Stationarity

Minimize fy(x) subjectto fi(x) <0, i€l
fi: X = Ry, fi(x) <oo (ielU{0}), f(x)=0

Normal constraint qualification: 4o > 0, € > 0

Zx,-* ZQZ)\;

iel ied

VJ € J(X); (xi, pi) € epifi N B(X,0), (X, —Ai) € Nepir (i, 147)
(ied)
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Constrained Optimization

Finite Stationarity

Minimize fy(x) subjectto fi(x) <0, i€l

fii X = R, (%) <00 (i€ 1U{0}), (%) =0

Corollary

Suppose f;, i € 1 U{0}, are uniformly Lipschitz near X, {fi}iciufoy is
normally uniformly regular at X, and the normal constraint
qualification is satisfied. If x is finitely stationary, then Ve > 0

JJ € J(X); xi € Bo(x), xF € 0fi(x;) (i€ JU{0}), \; >0 (ieJ)

Xy + Z Aix!

ic)

<e€
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